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Abstract

We consider a class S of stochastic processes X := {X (¢)}com
whose realizations = := x (t) (¢ € [0,T]) are real continuous piecewise
linear functions satisfying a particular geometric condition. Let R be
the family of all binary responses Y,Y € {bad, good}, associated to a
process X in §. Basing on data arising from a continuous phenomenon
which can be simulated by a couple (X,Y) € & x R, we introduce
the notion of adjustment curve for the binary response Y of the process
X, that is a decreasing function v, : [0,7] — [0, 1] which gives the
probability that a new realization x of X is adjustable at the time
t € [0,T]. For real industrial processes, which can be modelized by
(X,Y) € § x R, our model can be used for monitoring and predicting

the quality of the product.
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1 Introduction, notations and definitions

In many real applications we are faced with a continuous phenomenon evolving
in a certain interval of time say [0, 7], and resulting in an outcome not observ-
able before the completion of the process itself. Such outcome, in accordance
with some target-value, in the simplest case can be expressed as negative or
positive, bad or good and so on. We restrict our attention to a class of such
phenomenons each of one can be represented by a stochastic process whose re-
alizations are real continuous functions with {x(0) : x € X} finite, linear on the
intervals [t;, ;1] with t; = j- L for j =0,...,5—1 and satisfying a particular
geometric condition. In the following S will denote the class of such stochastic
processes, X := {X (t)},c/o.z) @ stochastic process in S, v := z (¢) (t € [0,71)
a realization of X and {x{ :i=1,...,L} := {z(0) : z € X}. Moreover R will
denote the class of all binary responses Y, Y € {bad, good}, associated to X.
In the following N and R stand for the set of all natural and real numbers,
respectively. For a finite set S C R, |S|, min S and max S denote its cardinality,
minimum and maximum, respectively. Moreover y 4 : [0,1] — R denotes the

characteristic function of a subset A C [0, 1].

Definition 1 Let A, B be two non-empty finite subsets of R, ¢ > 0 and m,n €

N. The sets A and B are called € — (m,n) separated if there exist sets A C A

B

and B C B, with cardinalities ‘fl‘ =m and =n, such that

min (A \ fl) > max (B \ B) or min (B \ fl) > max (B \ B) (1)

and .
A\ A
[Al+IB] A\ A|+|B\ B

If we can choose A = B = () then min (A) > max (B) or min (B) > max (A)

and the sets A and B are called separated.



The starting point is the matrix of real numbers (functional data) (for

an exhaustive account to functional data analysis see Ramsay and Silverman,

2002, 2005)
CS0) L al) L a (1) ]
K E E T .
FD:=| 2z'(0) ... 2'(tj;) ... a"(T) (tj:j-gforj:(),...,S)
| 2" (0) 't (t5) " (T)
and the vector
SRR
R=1|1r
L

where r* € {bad, good} is the outcome associated to the row (z* (0)...z" (¢;) ..
fori=1,..., L. We suppose that the data F'D and R arise from a continuous
phenomenon which can be simulated by a couple (X,Y) € S x R. X and YV
are realized via random multiplicative cascades which depend on some con-
stants (obtainable by the data F'D and R) and some real positive parameters
obtained by a Monte-Carlo method.
Set
B = {x’(T) ci=1,...,L andri:bad}
and
G={a"(T):i=1,...,L and r" = good} .

In many real cases the sets B and G are not separated. However, if the sets
B and G are € — (m,n) separated with ¢, m,n small enough, we can reduce,

by a proper smoothing of the data, to the separated case.

2 (T))



Remark 2 In some real cases in the vector

SRS
R:=1|1
we could have
r' € {bad, good, undecidible} . (3)

The set
I={2(T):i=1,...,L and r* = undecidible}

is not € — (m,n) separated by the set B ={z(T):i=1,...,L and r" = bad}
(or by the set G = {2(T) : i =1,...,L and r* = good}) if we can not choose
the numbers €, m, n — without modifying the phenomenon in a significant way
—to get I and B (or I and G) e — (m, n) separated. However, if the sets B and
G are € — (m,n) separated with a proper smoothing of the data, by deleting

in F'D the rows
{(371 0),...,2" (T)) ci=1,...,L andr' = undecidible}
Y becomes a binary outcome.

The main aim of this paper is to introduce the notion of adjustment curve
for the binary response Y of the process X, that is a decreasing function ~, :
[0,7] — [0,1] which gives the probability that a new realization = of X is
adjustable at the time ¢ € [0,7]. The curve 7, is an important tool from a
practical point of view. For example, for real industrial processes which can
be modelized by (X,Y) € § x R, our model can be used for monitoring and
predicting the quality of the product (several examples where prediction is
useful for controlling process can be found in Box and Kramer 1992, Ratcliffe

et al. 2002, Ratcliff et al 2002, Kesavan et al. 2000).



A multiplicative cascade is a single process that fragments a set into smaller
and smaller components according to a fixed rule, and at the same time frag-
ments the measure of components by another rule. It is well known the central
role that the multiplicative cascades play in the theory of multifractal mea-
sures (see, for example, Peitgan et al., 2004). In Sec.2 we define a random
multiplicative cascade generating a multifractal measure p on the family of all
dyadic subintervals of the unit interval [0,1]. This measure p is recursively
generated with the cascade that is schematically depicted in Fig.1 at the end
of Sec.2. In Sec.3 we describe how modelize — via the random multiplicative
cascade introduced in Sec.2 — a real phenomenon by a couple (X,Y) € S x R.
In Sec.4 we give the definition of adjustment curve for the binary response Y
of a process X. Finally, in Sec.5 we illustrate an application of our method
to the Danone Vitapole kneading process already analyzed in previous works

(see Costanzo er al. 2006, Preda et al. 2007, Saporta et al. 2008).

2 The multiplicative cascade
We start introducing the following rule.

Let a, 3 € (0,+00),k € N,¢* € (0,1) and m} € (0,1] (z = 1,...,2’“) such
2k
that >_mF = 1. Put m{ := 0 and
i=1

i—1 i
me, me) ifi=1,..,2 -1,
7=0 7=0
v 2k 1
k £ s _ ok
Z m3, 1| if i =2%
7=0
Let posy denote the step-function:

2k

posy (x) = Zixjik (x) (x€]0,1]).

=1

If xj is a random generated number in the interval [0,1].We define the



vectors

MF = (mlf,...,m';k) :

k1 kel kel
QPOSk(wk) o <qp08k(9€k)’ 1 quSk(ﬂ?k)> ’

where, if £ =0

1 0
onso(ajo) T q I

itk>1

. . k1 _ gk « 1
q —+ (mln {q ) q }> 2(posk(zk)ﬁ) ’
S if 1 < posy, (xy) < 287
L= o i k1 P 1
q (mln {q , q }) 2((2k,posk(zk)+1)ﬁ) 9
if 2871 < posy, (wy,) < 2",

T
Let <Q];;:€(xk)> be the transpose of the vector (Qk“ ) .We consider the

pos (k)

matrix product

k k+1 k k+1
(Qk+1 )T « MF = M1 posy (2, o Mok Qposy, (wy,)
05, (T - k k+1 k k+1 :
posk(@x) my 1 - qposk(xk) ka 1—- qposk(xk)
Put
k k+1 . k
- _ T Qs (20) fori=1,...,2 n
sposk () mf—zk (1 B q]];:;;i(ﬂ’/‘k)) for i =2° + L., 2+,
We note that
k+1 k+1 s k+1
Dposy (a1 € (0,1) s Miposy (ax) € (0,1] (Z =1..2 ) ’

and
2k+1

E mbt! =1
isposg ()

i=1
Therefore the above procedure can be iterated.

In the following we denote by Z the family of all dyadic subintervals

IF = {Z;—klé] (i keNyji=1,..,2%)

of the unit interval [0, 1].



Let q;OSO(xO) :=¢" € (0,1) be arbitrarily fixed. Our cascade starts (k = 0)
with a uniformly distributed unit mass, m{ = 1, on the interval I = [0,1].
At the stage (K = 1) our cascade splits the interval I? into the intervals

I! (i =1,2), and at same time uniformly distributes - according to the eq. (4)

1 1

Pp— : 1
Liposo(zo) = Tposo(xo) uniformly on I3,

- the mass m?, by distributing a fraction m

and the remaining fraction m, poso(zo) — 1 — my poso (o) uniformly on 1. A this

stage, I{ carries the measure p(I}) = m%,pOSO(IO) and I} carries the measure

w(I}) =ml In this process, because u (1) = pu (I1) + p(I3) = 1, the

2;poso(z0)”

original measure of the unit interval is conserved; the u’s appear like probabil-
ities, and one says that p is a probability measure. At the next stage (k = 2)

our cascade splits the unit interval into the intervals I? (i = 1,...,4), and at

1

. . . . 1
same time uniformly distributes the masses T poso (a0)> 102, poso (o)

- according
the eq. (4) - over the intervals I? (i = 1,...,4). Precisely, let z; be a random

number generated in the interval [0, 1]. This second stage of the cascade yields:

2 _ 1 2
mLpOSl(Il),pOSO(IO) - m%;poso(ﬂfo)qgosl(xl),POSO(xo)’
M2 posi (21),poso(z0) — m2;p080($0)qp081($21)»17080(900)’

_ 01 -
m3,POS1($1)7P080(Io) - Tnlposo(ﬂﬂo)(1 qp051(11)7P080(Io))’
2 1 )
4 posy (1) posolzo) — M 2poso(o) \ L~ Tposy (1) poso(zo) ) *

where

1 : 1 1 @ 1
qposo(mo) + <m1n {qPOSO(l“O)’ 1- qPOSO(xO)}> 2((11)5) ’

if posy (x1) =1,

2
ons1(:r1),poso (wo) 1 _ 1 1 1-— ! ) v
Dposo(xo) T Gposg (o) @poso(wo) o(@-posi@n+1)?)”

if posy (z1) = 2.

\

At the stage k™ (k > 2) of the cascade the unit interval is split into the in-

k(; — k ; k—1
tervals I] (z =1,...,2 ) , and at same time the masses T b0k o (k) p050 (20)

(i =1,..., 2’“*1) are uniformly distributed, according to the eq. (4), over the

intervals IF (z =1, ...,2’“). Let xx_1 be a random number generated in the



interval [0, 1] .We obtain:

k—1 k
i3posk—a(x—2),..sp050(20) Lposy—1 (@x_1),...poso (z0)
L ' (i=1,..,21),
mi;posk_l(xk_l),...,poso(xo) = k-1 k

7:—21971?P05k72(zk72)7-~~7P030(ZO)qposk—l(xk—l)v--wPOSO(xO)

(i=2141,..,2F),

where

( k—1

qposk—2(-73}@—2)7---717050(350) o
: k—1 k—1

+ (min Dposy,_s(zr—2),....poso (o)’ 1- qp05k72(xk72),~~-7p050(x0)})
1 : k—2

= _if 1 <posi._q (xp_1) <28 =:

& - 2(pOSk,1(-rk,1)ﬁ> I —= p k—1 ( k 1) — I

Qposy,—1 (x—1),-..poso(z0) — qk—l i

Posk_2(Tk_2),--,p0s0(T0) o

— (min { ¢** 1—qgt

Dposk_z(xx—2),--poso(x0)’ + — posy_a(wk_2),...poso(xo)

! if 2k—2 < 2k,
\ 2((2’“71—P05k71(1k71)+1)6) 1 < POSk-1 ($k+1> -

k k
We have that Tposy,—1 (w—1),--poso(z0) € (0’1)’mi%POSk—l(xk—l)v---,pOSO(xo) e (0.1]
2k
s k k _
(Z =12 )and izzlm@poskfl(xlcfl):-wposk(wk) =1

Set
W ([f) =mk (z =1,.., 2’“) :

1508k 1 (T —1);---,p0s0(T0)

We observe that

k—1 _ ok +
i5posk—2(Tk—2),...,poso(zo) ~ ' V45posk_1(Tk—1),--,p0so(z0)

k - k—1
T M9k =1 4 iposy,—1 (2—1),....p0so (x0) (Z =12 ) )

and therefore

p (1Y) = p (1) + e (Theny,) (i=1,.,257Y).

Then the above cascade (schematically depicted in fig. 1) produces the mul-
tifractal measure p which attributes masses according to the eq. (4) to the

family 7 of all dyadic subintervals of the unit interval [0, 1].



or—
[N

JO
o % 1 :
=X, =1
i, -y POs; (%) = X (%)
0 1
(.) Jil X]' | ‘];1 :.L

pos, (x,) =§1in3 (x)=1

2 2 I—mz—‘
M, m§;1.1 M1y %11
0

2 2 2 2
o i ‘ J211 Js;uxg Jaan
k T T T i

pos,(x,) =X i, (%) =3

Figure 1: The first four stages of the multiplicative cascade

3 The process X and the associated binary re-

sponse Y
Let
[ 2! (0) ! (t;) 2! (T) ]
FD— | £ (0) . w(t) ... 2 (D) (tj:j%forj:o,...,S)
| 2" (0) zt :(tj) 2" (T) |

R:=|r r' € {bad, good}

be the outcome associated to the row (z* (0)... 2% (¢;)...2" (T)) fori =1,..., L.
Set
B:={a'(T):i=1,...,L and ' = bad}

and

G:={2(T):i=1,...,L and r" = good} .



We assume that B and G are separated with min(G) > max(B). In this
section we describe how to modelize — via the random multiplicative cascade
introduced in Sec.2 — the real phenomenon by a couple (X,Y) € S x R.
Step 1. We use the data F'D and R in order to define the following
constants:
0 |G|

=——— _and 1—¢°
SN TET RN E] !

1Bl
Gl + B]

b= 5 )
where
L 5
> 2 |2t (ty) — &' (t-1)]
5= i=17j=1
' LS
Let

sh:[0,T] =R (i=1,.., L)
be the piecewise linear functions whose node-sets are
< . T . .
N := {(j,xl(tj)) =17 S for j = 0,...,5} (t=1,..,L).
Set
bp(j) :=max {z'(t;) :i=1,...,L and v =bad} (j=0,...,95)
and
gp(j) =min{z'(t;) :i=1,...,L and r" = good} (j=0,...,5).

Now we introduce the definition of the adjustment curve v, p : [0,7] —

[0, 1] for the binary outcome R of the functional data F'D.

10



Definition 3 Let i € {1,...,L} and r* = bad or r' = good. The piece-
wise linear interpolant s is called adjustable at the time t € [0, T| (for short

t—adjustable) if there exists t; >t with j € {0,1,...,S} such that
sp(t;) > gp(t;) or sp(t) < bp(ty).

Definition 4 The adjustment curve v, p : [0,T] — R for the binary outcome

R of the functional data FD is the function

- st :i=1,...,L and s% is t — adjustable}|

- (t € [0,7])

Ya,D (t

Step 2. Let (a, ) be a pair of random generated numbers in the square

[10-1,10] x [1071,10]. Let
V= {(no,n1,....,n,) € NP1 11 <y, < 2k for k=0, 1,.,p}.

For given «, # and ¢ € (0,1) our random multiplicative cascade truncated at

the stage p generates a vector

(no,n1, ..., np) €V,
We define the function

Pab,p - ‘/;7 - Rp+1

as follows:
Pa,bp (n07 Ny, eeey np) = (y07 Yty ooy yp) )

where yo = 0 and the coordinates yg, for £ = 1,..., p, are recursively defined

by the following formula:

y {yk_1+9+l’2—p“2k%l(nk—l+zk) if 1<mny <281
k:

Yk—1 g — bQ__pazkl—l (2" —np+2) if 2871 <np <2,

where zj is a random number generated in the interval [0, 1] . Now we give the

notion of experiment of size L and length p 4+ 1. We introduce the following

11



terminology. A realization of the multiplicative cascade truncated at the stage

p™ (p > 1) is called a proof of length p+ 1 and the vector

(07 Y1y -ey yp) = Spa,b,p (77/(], ni, ..., np)

its result. For each y € R the vector

(g7g+yla 7g+yp)

is called a result of the proof at 3.

For each ¢ € {1,...,L}, if r' = good (respectively r'* = bad) we start
the cascade with ¢ = ¢° (respectively ¢ = 1 — ¢°) by truncating it at the
stage p. Then for each i = 1,..., L we consider the results (0,y:, ...,y;) =
Capp (nh, 11, ...,nl) of the above proofs and the results (27(0), 2(0)+yi, ..., z/(0)+
y,) at °(0). The set

E, = {(«'(0),2"(0) + y{,...,2"(0) +y,), i =1,.... L}

is called an experiment of size L and length p + 1.

We consider the matrix SFD, g of experiment’s data (simulated functional

data):
C 2t (0) 2t (0) +yi ... xl(O)—i-yp_
SFD.g:= | «*(0) 2" (0)+4i ... 2'(0)+y}
L 25 (0) 2" (0) +yr ... 2" (0) +yy

Remark 5 Let
sb o [0,p] = [2°(0) + a,2"(0) +b] (i=1,..,L),

the piecewise linear functions whose node-sets are N} := {(k,z*(0) + y;,) : k = 0,1, ..., p}
(i=1,...,L). We denote by S(E,) the set of such functions. Let i € {1, ..., L}
and let T} (k =1, ..., p) be the triangle of vertices (k — 1,z'(0) + yi_,) , (k:, z'(0) +yi_, + %)

12



and (k, z(0)+ vyl | + %) . Then it is easy to verify that the following geomet-

ric condition holds:
{(z,s)(x)) :xek—1k}CT, (k=1,..p).

Step 3. Let E, be an experiment of size L and length p+1 and let SF'D, g

be its matrix of simulated functional data. We set

mrp = Hlun {x )}, MFD— max {:v }

77777777

and

MSFD, 5 = ig{linL {:U’ (0) + y;} , Msrp, , = izrllaXL {xl (0) + y;} )

e S

In order to compare the functional data F'D with the simulated functional

data SF'D, g we first use the linear transformation

1

Mgpp —mpp

¢rp(u) =

(u—mpp), u € [mpp, Mpp,]

and the subdivision in K classes [O, e [ e [7—1’ 1] of [0, 1] to obtain an his-
togram Zpp of frequency distribution of data {¢pp(z'(T)), ..., ¢rp(z(T))}.
Then we use the linear transformation

1

Msrp, ; — MsFp, ,

PsFD, 5(U) = (v —msrp, ;). u€ [msrp, 5 Msrp, ;]

and the same subdivision to obtain the histogram ISFDa 5 of frequency distri-

bution of the data {@srp, ,(z* (0) 4+ 4), ..., dsrp, 4( }. We denote by

(1))
Erp(j), Esrp, ;(j) the frequencies of the classes [] Lil(=1,...,K—-1),
and by Erp(K), Esrp, ,(K) the frequencies of the class [KT, ] of the above

data, respectively.
Definition 6 Let

E, = {(2°(0),2°(0) + 9}, ..., 2"(0) + 4), i =1,...,L}

13



be an experiment of size L and length p + 1. One of its proofs (z*(0),z*(0) +
Y1, ., 2°(0) + y3) is assumed bad (good) if

min(G) + maz(B)
2

min(G) + max(B)>.

7(0) +y < (:ﬁ(o) +yl > 5

In the following we denote by Yg, the vector of outcomes of the experiment

E, according to the previous definition:

Ye, = | p (p" € {bad, good} fori=1,...,L)

P

L 0
Definition 7 Letn > 0, > 0 be two fived tolerances . An experiment E, of

size L and length p + 1 is called admassible if the following conditions hold:

Mpp — Msrp, 4

<n

<n and <n,
Mpp

) ‘mFD — MSFD, s
?

mprgp

i) i (Erp(j) — Esrp, ;(7))?
Erp(j)
Isrp, s 1S less than or equal to 0.

< 0, i.e. the chi-square value of Irp and

Remark 8 Admissible experiments E, can be obtained via a Monte-Carlo

method based on the generated random pairs (o, ) € [1071,10] x [1071,10].

Definition 9 Let &, be the set of all admissible experiments E, of size L and

length p 4+ 1. We define the stochastic process X as the set

X=J S(&).

Epe€y g

and the associated binary response
Y : X — {bad, good}, Y(s)=Yg,(s).

In the following we assume that the couple (X,Y) € & x R simulates the

continuous phenomenon from which data F'D and R are observed.

Lin Sec.5 we assume = 0.05, = 5

14



4 The adjustment curve

Let (X,Y) € S x R. In this section we introduce the notion of adjustment
curve for the binary response Y of the process X.

Let £, € &,9 be an admissible experiment. We start to introduce the
adjustment curve v, g, : [0,7] — [0,1] for the binary outcome Y, of the

experiment F,. We set
bg, (k) = max {z'(0) +y,:i=1,....L and p' =bad} (k=0,...,p)
and
gp, (k) =min {z°(0) +y, : i =1,...,L and p' = good} (k=0,...,p).
Since min(G) > max(B), by Definition 6 we observe that the sets
Bg, := {2'(0) —|—y; ti=1,...,L and p’ = bad}

and
Gg, = {mi(0)+y; i=1,...,L and p’ = good}

are separated with min(Gg,) > max(Bg,). We consider the sets of nodes in
R2

Abep - {(k’bEp(k)) 7k = O, e ,p}
and

Ny, = { (K, g5, (k)) k=0, p}

Then we denote by s, and s,,. the real piecewise linear functions on [0, p
Yy Ep 9Ep

which node sets are NV, and N, , respectively. Let
E, = {(«"(0),2"(0) + 9, ...,2"(0) +y,), i =1,..., L}

be an experiment of size L and length p 4+ 1. We give the following:

15



Definition 10 Leti € {1,...,L} and p' = bad or p' = good. The piecewise
linear interpolant s; € S(E,) is called adjustable at the time 7 € [0,p] (for

short T—adjustable) if there exists k > 7 with k € {0,1,...,p} such that
st(k) > gg, (k) or si(k) < bg, (k).

Definition 11 The adjustment curve vo,g, : [0,p] — [0,1] for the binary out-
come Yg, of the experiment E, is the function

si(t):i=1,...,L and s' (1) is T — adjustable
Yo, (T) = iG T i (€ [0,p])

Clearly {vo, : B, € €0} = {71,72,...,7n} is a finite set. By the change of

variable 7 = % -t (t €10,T]) we get, for every E, € &,

Y, (8) = Y, (1) (¢ € [0,T])

We consider the random experiment “obtain an admissible experiment E,”
whose sample space is the infinite set &, 4. Set 5}779 = {Ep €0 Vo, = %}

(t=1,...,N). Assume that the numbers v; are the frequencies of the curves

Definition 12 The adjustment curve v, : [0,p] — [0,1] for the binary re-

sponse Y of the process X 1is the function

Yalt) =Y vev(t) (t€1[0,T]).

Remark 13 In practice, given a couple (X,Y) € § x R we can choose a

tolerance € > 0 such that, if E} = (z1,...,27), B = (23,...,27) are two
admissible experiments such that mLalx |z} — 2?]|0o < € (here || - || denotes the
1=

usual sup-norm) then Ep}, Ei can be considered indistinguishable. Therefore
X becomes a process with a discrete number of realizations. Hence we can
assume that for © = 1,..., N the frequency v; is computable in experimental
way, 1.e.

v; = lim v,
n—oo
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where 1" is the relative frequency of v; observed on a sample (vq,...,7,) of

size n.

Remark 14 Let 7} := iyi”% (n =1,2,...). It is not difficult to see that
the sequence {7y} Conveiges to 7, on [0,7] and that the variance Var(v,)
of the random variable 7, is less or equal 2. Therefore the classical Monte
Carlo method can be used to produce approximations of v, with the needed

precision.

5 Application

We present an application of our results to a real industrial process; namely we
will show how our model can be used to monitoring and predicting the quality
of a product resulting from a kneading industrial process. We will use a
sample of data provided by Danone Vitapole Research Department (France)?.
In kneading data from Danone, for a given flour, the resistance of dough is
recorded during the first 480 seconds of the kneading process. There are
136 different flours and then 136 different curves or trajectories (functions of
time). Each one of them is obtained by Danone as a mean curve of a number
of replication of the kneading process for each different flour. Each curve is
observed in 240 equispaced time points (the same for all flours) of the interval
time [0, 480]. Depending on its quality, after kneading, the dough is processed
to obtain cookies. For each flour the quality of the dough can be adjustable, bad
or good. The sample contains 30 adjustable, 44 bad and 62 good observations
(see Fig. 2). With an appropriate smoothing of Danone’s data, i.e. without
modifying the phenomenon in a significant way (see details in Remark 2) we
reduced to a binary outcome R, R € {bad, good} with sets B and G separated

(see Fig. 3). In Fig. 4 we show one admissible experiment £, obtained by our

2We wish to thank the Danone Vitapole Research Department for kindly furnishing the
data
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method. In Fig. 5 is depicted the adjustment curve =, for the binary response
Y of the stochastic process X related to the smoothed Danone’s data. This
curve has been computed on the basis of n = 100 admissible experiment F,,.
In Fig. 6 we show the corresponding adjustment curves v, g, together with
the adjustment curve <, p of Danone’s data and the adjustment curve ~,.
We remark that in order to obtain by application of Monte Carlo Method
the adjustment curve v, with and error less than 10~! and probability greater
than 90% we need to perform n = 4000 admissible experiments. As we pointed
out in the introduction, the adjustment curve 7, is an important tool for the
analysis of a real process which evolves during a time period. In fact in the
cookie’s case, as shown in Fig. 5, the quality of the dough can be forecasted

by the adjustment curve for each given t € [0, T] with increasing probability.

Figure 2: Danone’s original Figure 3: Danone’s smoothed
data‘ data.

Figure 4: An admissible exper- Figure 5: The adjustment
iment E, curve y,.
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Figure 6: The adjustment curves 7, (in blue), 7,,p (in dark) and 7, g, (in red)

References

Box, G., Kramer, T. (1992), Statistical process monitoring and feedback

adjustment—A discussion. Technometrics, 34(3):251-267.

Costanzo, G. D., Preda, C., Saporta, G. (2006), Anticipated Prediction in
Discriminant Analysis on Functional Data for binary response. In: Rizzi,
A., Vichi, M. (eds.) COMPSTAT’2006 Proceedings, pp. 821-828. Springer,
Heidelberg.

Kesavan, P., Lee, J. H., Saucedo, V., Krishnagopalan, G.A. (2000), Partial least
squares (PLS) based monitoring and control of batch digesters. Journal

of Process Control , 10, 229-236.

Peitgan, H. O., Jurgens, H., Saupe, D. (2004), Chaos and Fractals, 2ed,

Springer.

Preda, C., Saporta, G., Lévéder, C. (2007), PLS classification of functional

data. Computational Statistics, 22(2):223-235.

Ramsay, J. O., Silverman, B. W. (2005), Functional Data Analysis, Springer

Series in Statistics, Springer-Verlag, New York.

19



Ramsay, J. O., Silverman, B. W. (2002), Applied Functional Data Analysis :

Methods and Case Studies, Springer.

Ratcliffe, S. J., Leader, L. R., Heller G. Z. (2002), Functional data analysis with
application to periodically stimulated foetal heart rate data. I : Functional

regression, Statistics in Medicine, 21, 1103-1114.

Ratcliffe, S. J., Leader, L. R., Heller G. Z. (2002), Functional data analysis
with application to periodically stimulated foetal heart rate data. II :

Functional logistic regression, Statistics in Medicine, 21, 1115-1127.

Saporta, G., Preda., C. (2008), Adaptive Forecasting on Functional Data .
In SIS2008, Univ.Calabria, 25-27 juin, 2008. confrence invite, SIS2008,

Univ.Calabria, 25-27 juin

20



