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The Fisher Information Matrix in Doubly Censored Data from
the Dagum Distribution

Abstract

In this note, we provide the mathematical tools for computing the entries of the Fisher infor-
mation matrix in case of the observations are doubly censored from a Dagum distribution.
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1 Introduction

The Dagum model (Dagum 1977, 1980) has been successfully used in studies on income and wage as
well as wealth distributions (see Kleiber and Kotz (2003) and Kleiber (2007) for an excellent survey
on the genesis and on empirical applications of the Dagum model). In this context, its features have
been extensively analyzed by many authors. Recently, Quintano and D’Agostino (2006) proposed to
model the income distribution in terms of individual characteristics using Dagum distributions with
heterogeneous model parameters. Domma (2007) studied the asymptotic distribution of the maximum
likelihood estimators of the parameters of the right-truncated Dagum model. In recent years, some
authors have used this model or its transformation in different fields. For example, Domma and
Perri (2009) studied various features of the log-Dagum distribution and applied this distribution in a
financial framework to model daily returns of some stocks. Domma et al. (2009) proposed a further
possibility to use the Dagum distribution in the reliability theory. In particular, they studied the
reversed hazard rate, the mean residual life, the mean waiting time function, the variance of random
variables residual life and reversed residual life and their monotonic properties.

In this note, we determine the Fisher information matrix in doubly censored data from the Dagum
distribution. The organization of this note is as follows:Saction 2we describe the main features

of the Dagum modelSection Iontains the likelihood function in presence of doubly censored data.
The Fisher Information Matrix is derived fBection 4



2 The Dagum’s distribution

The random variablé’, continuous and non negative, is Dagum distributed if its cumulative distribu-
tion function ¢df) is
Fr(t:0) = (1+ M%) (1)

and the probability density functiopdf) is

Fr(t:0) = BASE 1 (14 M0) 77! )
wheref = (3, \,6), ands > 0, A > 0 andd > 0. The parametek is a scale parameter, whileand
0 are shape parameters. It is well-known that the Dagum distribution has positive asymmetry, it is
unimodal forgs > 1 and zero-modal fogd < 1. Moreover, it is easy to verify that thepth quantile
of the Dagum distribution i(¢) = s - (q‘% —1)~3, whereas the-th moment is:

B(T"|8,X,6) = BN B (B + 5,1 - %) ©)

for 6 > r, whereB.,.) is the mathematical function Beta. The probability density function of the
k-th order statistic]{;), of a random sample of sizeby (1) is

n—k .
(kB+1) —B(k+j5)—1
Fi (t:0) = CuBAGE) (1 +At—5> S Chy (1 +At(—,;§) @)
=0
hereC; = dc I S
whereCy = Gpig=mn aMdCn-rs = | * ;" ) = i

3 Maximum Likelihood Estimation

In this section, MLEs of the paramete¥s\ and of the Dagum distribution are derived in presence
of doubly censored observations. To this purpose, suppose thatdmallest and» — m largest
observations are censored from a sample of sibg (1). The log-likelihood function{(8), of the
remainingm — r order statistic$, 1), t(42)s .-, t(m) IS

m

. Z{m(ma) (6 +1) In(ts) — <5+1)ln<1“t—5)}

i=r+1

4 (n—m)ln{ 1408 H}ﬁ}.



The maximum likelihood equations are obtained by equating to zero the partial derivatiy$ of
with respect tg3, A andé. These are given by

o) r ' L N (=) Fr(tn11)30) n[Fr(tn11)0)]
25 — 5 In FT(t(T), 0) + 3 i:;l {1 +In FT(t(z), 9)} B[5r(tm1r) 0] =0
Bt m B+1)t 0 Bln—m)t=5 . [Fr(tomr:0)] 5
2u) EEEES S - _ Gt (X )u?l()t[ r e A
[Fr(t,)0)] P i=rt1 [Fr(t):0)] ? T ma:
rBAIn(t( AB+1D) In(t )t BAn—m)In(t(ma1) )0
Ma(ae) — ()t 0 4 Z In(t) + % _ (n=m)n(t(ms1)) e,
L [FT(t () 9)] P i=rtl [FT(t(iﬁ )] k St (t(m+1):6) [FT(t(mH)%eﬂ R

where St (timi1);0) = 1 — Fr(to.41); 0) is the survival function. The system does not admit any
explicit solution, therefore the ML estimat®s = (3,, \,,4,) can be obtained only by means of
numerical procedures. Under the usual regularity conditions, the well-known asymptotic properties
of the maximum likelihood method ensure that <én - 0) % N (0,%¢), whereXo = [1(0)] 'is

the asymptotic variance-covariance matrix dri@) is the Fisher Information Matrix, whose entries

will be calculated in next section.

4 Fisher Information Matrix

In order to derive the entries of the Fisher Information Matrix, we preliminarily obtain the second
partial derivatives of the log-likelihood function

020(0)  (m—71) (n—m)Fr(timsn); 0) [0 Frtomiry; 0)]°

032 - 32 52 ST( - 0)2
2 ) |
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To compute the entries of the Fisher information matrix, we must calculate the following expecta-



F (Tyy; 0)] [In F (T 0)]° ) ) >

E(I)ZE [ (k) ) , E():E T2 FT,O B

(k) { S (Tiry; 0)] (k) { (k) [F (Tiw); 6)] }

3 _ T3 [F (Tw; 0)] w T [F (T 0)]

Ew = F PSE o By = F ,

[S (T 0)] [S (T 0)]
3 T [F (T 0)]7 [n (Ty)]*

EY) = E{T(—f [F(T(k),e)}ﬁ[m(T(k))f}, E((g';E{ (k)

1
T3 [F (Tiy; 0)] 7 [ F (T4s:6)] _ :
By = B{- 5 (700 0] - B = B{T [F (10:0)]” [n (Ti)] }
o - s

(14)  _
E(k) = B

B = 0= [F(T,:0)]7 In(T ., B -p .
@ {155 [F (T 0)]7 [n (Ta)]}, B 5 (1001 0)]

EmE{%?wmmmF[mmm%

k)

(18)

) area particular case of the below expectation

We highlight that the expectatiorig(,g, 0 E

s ig+3 i i
B _ ) T [ (T 0)] "7 [In (T [In F (T 6)]
e 5 (Tuy0)]"
with iy, io, 3, 14, 15, ig POSIitive integers and fdt = r,r + 1, ..., m, m + 1. Now, recalling that th@df
of thek-th order statistic](;, of a random sample of sizefrom a Dagum distribution is
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whereC), = m, it is simple to prove that’;, ;, ;. ., .is.i, can be rewritten as follows

n—k—ig X .
_ —1) ‘ . .
Eiyiyipivinis = Ck Y ( n= k=i > ( >} E{T*“‘S I (T)]™ [In F (T’; )] |51,A,5}

whereE(.|1, A, §) is the expectation of a Dagum distribution with parametgrs: 3 (k + iy + % + j),
A andd. Now, puttingy = (1 + /\t*‘s)_1 in E£(.|1, A, 9), after some algebra, we have

. . . ‘ A
E{T7 o (T)]" [In F (T3 0))" |31, 1,6 } = ff / y Ay [lnl_yy

} [In(y)]” dy. (5)
Puttingi, = is = 0 ands;, = 3 <k +ig+ % +j) in (5), we obtain

E{T™|3,\,0} = ﬁB (B — iy, +1). (6)

Fork =rr+1,..,m,m+ 1, by (6), we can easily calculate|;), £, E(,) andE(})

n—k
E((;g = F202000 = %Ck Z ( " i ) (=1)B(B(k+7),3),
7=0
n—k—2
— k-2 ; .
E((Zg = E27172707072 %Ck Z ( " . ) (—1)]B (ﬁ(kf —+ 1 + ]), 3) s

E((;g = Fs92002 = ﬁck Z

=0 J
ﬁ n—k n—Fk .
E) = Eio1000 = e ; ( ; ) (—1)B (B(k + §),2).

Puttingis = 0 andi; = i, = 1in (5), after some algebra, we get

(2,51 —2)[¥(2) =V (6 + 1]}
where¥ () is the digamma function. Using the latter expectation, we can to calcifafe £,
and ;)

6 n—=k n— k} 4 ‘
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S — Fuoanoe = féckz( ) 1y s (e 4,2+
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B(B(k+j)+1,2)[¥
B(2,6(k+j)+1)[¥

- Loy ("TET) co s+ - 124
B3+ 1+).2) [0 (50 + 1+5) — U (3(k + 1+ ) +2)]

B(2,6(k+1+7) [V (2) - ¥ (B(k+1+7)+2)]}.

Puttingi; = 0 andi; = 2 andiy = 1 in (5), after some algebra, it is simple to deduce that

E{T>In(T)|A,\, 6} = W _ {In(\)B (61 — 2,3) + B (B — 2,1)
2B (61 —2,2){¥ (5 —2) =¥ (B1)} = B(6i —2,3)]}.

Appliying the latter expectation, we calculaﬂ%”) andE

ﬁ n—k—1 k-1
B = Basaan = sG> ("7 )(—1)j{ln(A>B(ﬁ(k+1+J')v3)+
=0

BBk +14),1) [2B (B(k + 1+ ). 2 {¥ (B(k + 1+ )~
UV(Bk+1+7)+2)}—B(BEk+1+7),3)]},
n—k—2
B = Baionos = 13=Ci 2 (”‘5‘2)<_1y {In(\)B (B(k +2+4).3) +
B (B(k+2+ ), 1) [2B (B(k +2 + ), 2 {¥ (B(k + 2+ ) —

U(B(k+2+7)+2)} = B(B(k+2+).3)]}-

Puttingi, = 0 andi; = 1in (5), we have
—1190 o /Bﬁl Zl+1) 11
E {T In F(T)|B1, A (5} 53 y (1 —y)" In(y)dy. (7)

By (7), we determindf((;?) andE((;)l)

2 n—k—2
(10) g n—k—2 :
E =F = —C . -1y
1,1,1,0,1,2 Y Ok Z < j ) (1)

BBk+1+7),2){¥(Bk+1+47) -V (Bk+1475)+2)},



2 n—k—1
n—k—1 ;
E((,i)l) =FEi11011 = %Ck Z ( : ) (—=1)

j=0 J
B(B(k+1+435),2){¥ (B(k+1+) -V (Bk+1+j)+2)}.
Settingi, = 0 andis = 2 in (5), we obtain

E{T™™ [ F(T))|51,\,0} = %/0 y (1L = y)" [In(y)]* dy. (8)

integrating by part (8), the expectatia‘ifé;; is given by
n—k ;
M _ _ n—k (=1)
E(k) = Fo1,0021 = 20} Z; ( i ) m
]i

Puttingi, = i5 = 1in (5), we have

E {T*M [In(7)] [In F(T)] |81, A, 6} = oo [ YD gy [ln AY

o ), y} In(y)dy.  (9)

3

By the latter expectation, we can determmg)) andE((,if)

n—k—2

EY - E _ Fe R 2N GO0 (B 414
k) — Pz = et Z j {In(\) L (B(k+1+j))+
=0

E0Y = PSR o, (G '
w =P = 503 (7 LB+ 14+)+

I3 (B(k+1+7)) = LI (B(k+147))},

where the intregral; (.), I3(.) andI;(.) are given in the Appendix.
Settingi, = 2 andi; = in (5), we have

E {T_ilé [ID(T>]2 ‘/817 )‘7 6} - )\f(lsm {[11’1()\)]2 B (51 - ila il + 1) +
1
21n()) / y V(1 — ) In(y)dy—
01
21H(A)/ y? (1~ y) In(1 — y)dy+
G |
/0 y D (1 — ) [In(y))* dy—

1
/ y? =D (1 — ) In(y) In(1 — y)dy+
0

[0 - - ).



By above expectatior;), £p), E() and ;) are

n—~k
() _ _ B n—k 2 .
Eyy = Er02200 = ch ;:0 ( j ) {In(N]" B (B(k +j) +1,2) +

2\ (B(k + ) +1) — 2In(N L (B(k + j) + 1) +
I3 (B(k +j) +1) = 2I5 (B(k + j) + 1) + L (B(k + j) + 1)},

n—k—1

— k-1 .
E((,‘jngz,l,g,z,o,l = Af(szo’“ > (” ; >{[ln()\)]2B(ﬁ(kz+1+j),3)+
7=0

2In(A\) I (B(k + 14 7)) —2In(A\)I7 (B(k + 1+ 7)) +
Iy (B(k+1+44)) = 2L (B(k +1+7)) + Lo (B(k +1+ 7))},

n—k—1
7 15 n—=k .
E((k)) =FEi111201 = ch jZ: ( - ) {[111()\)]2 B(B(k+1+7),2)+

2In(MN I (B(k+ 14 7)) —2In(AN) L (B(k+ 1+ j)) +
I3 (B(k+1+7)) =2 (B(k+ 1+ 7)) + Ly (B(k + 1+ 7))},

n—k—2
®) B n—k—2 ,
E(k) = Fs2929202 = 252 Ch Z ( j ) {[111(/\)]2 B(B(k+247),3)+

2In(\) s (B(k +2+ 7)) = 2In(\)I; (B(k +2 +j)) +
Iy (B(k +21+ 7)) — 23 (B(k +21+3)) + Lo (B(k +2+j))},

where the intregral$,(.), 14(.), Is(.), I7(.), Is(.), Is(.), andl;o(.) are reported in the Appendix.

Now, using the expectatiorE((,g, ceey E((,if) it is simple to calculate the entries of the Fisher infor-
mation matrix

%Am:_E{yam]:m—r+owmem

862 52 52 (m+1)
0%0(0 m—r o
Ln(6) = —E{ a§2q = —rBEQ) + 5~ (B+1) D Ej+
1=r+1



0*(6 - S
I55(8) = _E[ a§2 >1 = 1BAE) m62 Lrron Y EY 4

i=r+1

BA(n —m) {(ﬁ +1) AE((fer) - E((m+1 + ﬁ)‘E(g@H)}

I5(0) = —F CUON _ g f:E@)_(n—m){E( O+ EL }
BA 0B\ (r) (@) (m+1) (m+1)
i=r+1
0%0(0 T
155(0) = _E |: aﬁ(5>:| = _T)\E )2 Z 12) m) {E((m+1 + E(m+1 }
1;(0) = 0°(6) — (15 S (15)

i=r+1

16 7 18
B —m {Egmil) A1)+ B — AR, b
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5 Appendix

In this section, fop > 0, we report the following expressions

L(p+1) = P(1—2)In(z)dz2=B(p+1,2) [¥(p+1) — V(p+3)

o — _

Lp+1) = /zpl—zlnl—z — B2.p+1)[¥(2) - U(p+3)]

1

Iiip+1) = /zp(l —2)[In(2)]?dz = B(p+1,2) {[T(p+1)— ¥+ 3 +
+¥'(p+1)—V'(p+3)}

1

Lp+1) = /zp(l —2)[In(1 — 2)?dz =B (2,p+ 1) {[T(2) - ¥(p+3)]* +
+0'(2) = V'(p+3)}

1

Lip+1) = /zp(l — () (1 — 2)dz = I(p+1) — I(p+2)

where

Hg+1) = /zq In(z) In(1 — 2)dz = Blg+ 1, 1) {B(g+ 1,1) [¥(q + 2) — U(2)] — V(g +2)}

for anyq > 0, whereV (.) and ¥’ (.) are the digamma and trigamma functions, respectively. More-
over, using the integration by part, we have

1

Iiip+1) = /zp(l —2)%In(z2)dz = B(p+1,1){21(p+1) — B(p + 1,3)}

Lip+1) = /zp(l—z)Zln(l—z)dZ—B(p+1,1){2[2(p+2)+B(p+2,2)}

12



Lip+1) = /zm (=) In(l — 2)dz = B(p+ 1, 1) {205 (p+ 2)—

Blp+1,1)2L(p+2) - B(p+2,2)] + L(p+2)}

Lp+1) = ()/Zp(l — ) (=) dz = (pfl)3 - (pj—l2)3 " (pf?))?’

Lo(p+1) = /zp(l —2)*[In(1 — z)]2 dz=2B(p+ 1,1){l4(p+2)+ L(p+2)}.
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