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The Fisher Information Matrix in Right Censored Data from the
Dagum Distribution

Abstract

In this note, we provide the mathematical details of the calculation of the Fisher information
matrix when the data involve type I right censored observations from a Dagum distribution.

1 The Dagum distribution

The Dagum model (Dagum 1977, 1980) has been successfully used in studies on income and wealth
distributions, the reader refers to Kleiber and Kotz (2003) and Kleiber (2007) for an excellent survey
on the genesis and practical applications of the Dagum model.

The random variable 7°, continuous and non negative, is Dagum distributed if its cumulative dis-
tribution function (cdf) is

Fr(t;0) = (1+A0) 7" (1)

and the probability density function (pdf) is
Fr(t;8) = BAGE (14 270) 7! 2)

where @ = (3, \,0),and § > 0, A > 0 and § > 0. The parameter \ is a scale parameter, while /5 and
0 are shape parameters. It is well-known that the Dagum distribution has positive asymmetry, it is
unimodal for 56 > 1 and zero-modal for S0 < 1. Moreover, it is easy to verify that the g-th quantile
of the Dagum distribution is t(q) = A3 - (q_% —1)~5, whereas the r-th moment is:

B(T|8,X,6) = BNiB (B + 5,1 - %) 3)

for § > r, where B(.,.) is the mathematical function Beta.

2 Maximum Likelihood Estimation

In this section, the maximum likelihood estimation (MLE) of the parameters 3, A and ¢ of the Dagum
distribution under type I censoring mechanism is presented.

Consider a sample of size n of independent positive random variables 77, ..., T,, such that 7; has



associated an indicator variable ¢;, where ¢; = 1 if T} is an observed failure time and ¢; = 0 if 7T} is

right censored. Let @ = (3, \, 9), the log-likelihood function based on data (¢, €;), .., (t,, €,) is

660) =& {In(BA8) — (5 + DIn(t) — (B+ 1) In (1 +At°) }+>_(1-e)In {1 — [14 M) *ﬁ} .
i=1 =1

4)

The MLEs én = ( Bm 5\,“ 5n) are obtained from the maximization of (4), as the solution of the follow-

ing system of equations:

( n n
90(0) 1 -5 1 (1—¢;)Fr(t::0) In[Fr(t;0)]
o5 —izzlei{g—ln(l—i-/\ti >}_Ezzl TSTtH)T =0
= _ 1 1—e)t; °[Fr(t;;0
U — 36 {4 = 8+ DI [Frlts )} + 5y =l g
=1
n ovlt
29— e { L~ In(t) + A(B+ 1) In(t); [FT<ti;0>]E} A3 (el = o,
L i=1

The system does not admit any explicit solution, therefore the ML estimates én = ( Bn, ;\n, dp) can
be obtained only by means of numerical procedures.

Under the usual regularity conditions, the well-known asymptotic properties of the maximum like-
lihood method ensure that \/n (9n - 0) 4 N (0,%g), where Xy = [I(0)] " is the asymptotic
variance-covariance matrix and I (0) is the Fisher Information Matrix, whose entries will be calcu-

lated in the next section.

3 Fisher Information Matrix

In order to derive the elements of the Fisher Information Matrix, we preliminary obtain the following

second partial derivatives of the log-likelihood function:

PUO) _ LN~ [ E )]
2 ﬁzz{”“ ! [_ST@;—e) } FTW))}

(O) < _ i oy Fr(ti0) 5T

Fr(t;; 0 1+%T*5 In(T
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To compute the entries of the Fisher information matrix we need the following expectations

EY = F {% (In F (T; 0)]2} , E®=F {%T‘é}

o - o) el

E® = E {—[F[ 5? ?Z)])l]j T~ In[F(T; 0)]} , E9=E {m(ﬂ%ré}

E? = E {m(T) —[F[éT(Teg;é 7 } , E®=F {m(T) —U? S(f;;o;];é T In [F (T 9)]}
EO = I { “{S(TTGQ]); —25} B = B{Fm:e)iT )

EW = g {m(T) [F(T;0)]5 T~ } , EW—F { ( )U? S(Zi)g];z T-25}

R e e e

E® = E {[ln(T)]2 —[T é@?ﬁ;}f 7% } , B9 _-F {[ln(T)]2 [F(T;0))? T—5} .

We highlight that £, ..., E(9) are special cases of the following expectation

Fr(t; 0))* 7
[Sr(ti; 0)]™

Ek17k2,k37k47k57k6 =F {[hl(T)]kl [ T_6k5 [hl (FT(ti; 0))]k6}

with kq, ko, k3, k4, ks and kg positive integers. Now, setting y = (1 + )\t*‘s) 71, after some algebra, we

1 % k1
s 1 Y
By ko kakaks ke = 5]%“)\ kd/ In < A3 (—) X
0 1—y

n(y)]™ (1 — y?)" yPetDthaks =t (1 _ yyhs gy,

obtain



Settingk:1:0,k2:1,k3:0,k4:2,k5:0,k6:2andk1:0,k2:0,k3:1,k4:1,

2 4 2

B(B(3,2) - B(2,2)]
¥ PP

A

1 2
EW = E0,1,0,2,0,2,0 = and E® = E0,0,1,1,1,0,0 =

Settingk1:0,k2:1,k3:1,k4:1,k5:1,k‘6:0andk1:O,kgz1,k3:2,k4:1,

77777

BB(28,2) — B(35,2)] BIB(8,3) — B(35,3)]

and EW = Eo121200=

3
E® = Eoi11,1,00=

A pe
FOI'k‘l :0,1{‘2 = 1,1{‘3 = 1,1{‘4:2,]{5: 1andk6: 1,
2
E® =FEyi1211 = By {B(26,2) [¥(28) — W(28 +2)] — 2B(35,2) [¥(38) — V(38 + 2)] +
B(45,2) [W(46) — W(45 +2)]}
FOI'k?l:1,]{32:0,]{33:1,]{34:1,]{35:]_and]€6:0,
E® = Eig1110 = % {In(A) [B(B,2) — B(25,2)] + B(5,2) [¥(5) — ¥(2)] + B(25,2) [¥(2) — ¥ (20)]}

FOI'/{Zl:1,]{32:1,]{53:1,/{34:1,]{35:1311(1]{36:0,

ED =FEi11110 = /\% {In(A) [B(25,2) — B(38,2)] + B(26,2) 2¥(5) — ¥(2)] + B(34,2) [¥(2) — ¥(36)]}

77777

Forkl:1,k2:1,k3:1,k4:2,k5:13ndk6:1,

2

E® = Ei11011 = 15 {0V [11(28) — 20(38) + L(48)] + [[1(26) — 215(38) + I5(45)] -
[13(28) — 215(38) + I5(48)]}

Forlﬁ:O,k:z:1,k3:2,k4:2,k5:2,k6:Oandf0rk’1:0,k2:O,k53:2,k‘4:0,

ks = 2, kg = 0, we obtain

77777 A2

Fork:1:1,k2:0,k3:2,k4:0,k5:2,k6:0

B(3,3
and E10 — E070727072,0 — %




EUD Z By yo0 = BB(B+1,2) [ln()\))\js— U(B+1)—T(2)

Fork, = L ky =1, ks =2, ks =2, ks = 2, kg = 0

B0 = Buisssg = o (00N [B(28,3) — 2B(35,3) + BUB,3) +
16(28) — 216(3B) + 16(48) — I7(283) + 217(383) — I7(48)}

FOI‘]{,‘l:1,]{52:1,]{53:2,]{54:1,]{55:2,]{36:0

EO9 = Byining = 5 {In(Y) — W(2)][B@6 +1,2) ~ BES+1,2)] +
B28+1,2)U(28 + 1) — B(38 + 1,2)U(38 + 1)}

FOI'kZl:2,/{32:1,/{33:2,/{34:1,/{35:1,/{36:0

EM =Fy19110 = % {[ln()‘)]z [B(26+1,2) - B(36 + 1,2)] +
2In(\) [[(28+1) = (28 + 1) — [,(38+ 1) + I,(38 + 1)] +
[I3(26+ 1)+ 1,28+ 1) — 2I5(26+ 1) — I3(38 + 1) — I,(36 + 1) + 2I5(38 + 1)] }

Forki =2, ky=1,ks=2,ky =2,k5 =2,k =0

E0Y) = By 0500 = Afy {In(\) [B(28,3) — 2B(38,3) + B(48,3)] +
20n(\) [I6(28) — 216(38) + I5(48) — I;(28) + 217(3B) — I1(48)]
15(28) — 214(3) + 19(483) + Lo(28) — 210(38) + 110(45)
~2[I5(268) — 2I5(38) + Is(48)]}

FOI’k‘l:2,k‘2:0,k3:2,k’4:0,k5:1,k6:0

B9 = Byo0010 = % {In(\)B(B +1,2) [In(\) 4+ 2W(8 + 1) — 2¥(2)]
+ (B +1) + I,(B+1) = 2I5(8 + 1)]}

where the integrals I (.), I5(.), ..., [1o(.) are reported in Section 4.



Now, using the expectations E(l), . K (16) it is simple to calculate the entries of the Fisher infor-

mation matrix

155(0) = %Z {4+ (1—¢)ED}

Inn(0) =-=>{6E®P+E® +(1-¢)E®}
=1
I35(0) = A Z {6E® +ED + (1-¢)E®}

Ln(0) = i{@ +6(1—)BEW — 32(1 — ) Y — (8 + 1), B0}
=1
Lu(0) = {51 - ) B®) — B(1 - ) B0 — (5 + 1B}
=1

Is(0) =15 e — S {B(1— ) B — AB2(1 — ) E1D — (8 + 1)¢,B19)}
=1 i=1

4 Some useful notation

Here, for p > 0, we report the following expressions above mentioned

Lip+1) = /zpl—zln Jdz = B(p+1,2) [U(p+ 1) — U(p+3)

Lp+1) = 2P(1—2)In(l —2)dz2=B(2,p+ 1) [¥(2) — VU(p+ 3)]

O\H

1

Lp+1) = /zp(l —2)[In(2)]*dz =B (p+1,2) {[T¥(p+1)—T¥(p+ 3)* +
+¥'(p+1)—V'(p+3)}



1

Lip+1) = /zm (1 - 2)Pdz = B@p+ 1) {[U(2) — U(p+ 32+

+0'(2) - V'(p+3)}

1

Ii(p+1) = /z”(l—z)ln(z)ln(l—z)dZZI(p—l—l)—I(p+2)

where

1

Iq+1) = /Zq In(z)In(1 = 2)dz = B(q +1,1){B(q¢ + 1,1) [¥(q +2) — ¥(2)] — V(¢ + 2)}

for any ¢ > 0, where ¥ (.) and ¥’ (.) are the digamma and trigamma functions, respectively. More-
over, using the integration by part, we have

1

Lp+1) = /z”(l—z)Zln(z)dz:B(p+1,1){2]1(p+1)—B(p+1,3)}

Lip+1) = /zm — 22In(1 — 2)dz = B(p+ 1,1) {2h(p + 2) + B(p+ 2,2)}

Lip+1) = /zp(l —2)%In(2)In(1 — 2)dz = B(p+ 1,1) {2I5(p + 2)—

Blp+1,1)2L(p+2) - B(p+2,2)] + L(p+2)}

/ , , ) 2 4 2
Bo+1) = [ 202 WEP = - g o

Lo(p+1) = /zp<1 (1= 2)Pde = 2B(p+ 1, 1) {Li(p+2) + Lp+2)}
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